We observed an optical cusp diffraction catastrophe with an initially smooth but elongated Gaussian beam with an aspect ratio of 2:1. Nonlinear and linear diffraction regimes account for the near-f ield elliptical annulus and the far-field spatially complex astroid. 
An understanding of self-induced aberrating patterns is important in applications such as laser heating and ablation, laser fusion, and the propagation of intense light beams through guided-wave structures and bulk media (including the atmosphere, liquids, glasses, and crystals). In such materials the refractive index may vary with intensity, resulting in self-def lection of highly asymmetric beams 1 and self-focusing (defocusing) 2 or counter-self-def lection 3 of symmetric beams. For example, in a slightly absorbing liquid a beam with an initially smooth circular cross-sectional intensity prof ile may form a circular optical shock front or concentric diffraction rings owing to selfdefocusing. 4 Such beam distortions produce unstable or degraded beam characteristics, making it diff icult to achieve a highly focused spot. Analytic methods to determine the propagating beam prof ile do not exist for arbitrary initial conditions, such as when the beam lacks circular symmetry. However, we have discovered a special case in which the beam has an initially smooth elliptical Gaussian profile with an aspect ratio of ഠ2:1: The beam develops into a cusp diffraction catastrophe (CDC) over a limited range of powers. Surprisingly, the linear theory of optical caustics accounts for the qualitative and quantitative features of the complex waveforms.
Optical catastrophes are patterns of light that contain optical caustics, i.e., regions of space in which many rays intersect to form bright singularities along a two-or a three-dimensional surface. For example, light passing through an undulated body, droplet, meniscus, or lens can develop caustics. Indeed, such patterns are ubiquitous and can be readily observed (e.g., within a coffee cup, owing to ref lections from the polished ceramic surface). The structure of a caustic surface is related to the symmetry of the aberrating body 5 (which in this Letter is the beam itself). This surface can be formally described in the context of catastrophe theory by use of the Hamilton -Fermat principle of stationary time to find regions in which light rays touch or intersect. 6 In our experiment a prism was used to elongate an initially collimated argon laser beam ͑l 514 nm͒ with a Gaussian intensity distribution, as shown in a meniscus. The cell contained methanol dyed with Nigrosine, and the absorption length and the linear refractive index were a 21 360 mm and n 0 1.33, respectively. The focusing lens was placed a distance d 125 mm from the input face of the cell, where the beam sizes were w x 1.34 mm and w y 0.68 mm. The calculated focused sizes in the medium were w x 0 12 mm and w y 0 23 mm. Note that at the input face the major axis of the ellipse is along the x axis, whereas in the focal plane it is parallel to the y axis (the latter axis is called the conjugate major axis). The optical system included an interferometer for examining the phase of the beam.
As the incident power increased from P 0 to P ഠ 100 mW the beam at the output face exhibited strong diffraction along the minor axis (y axis), owing to counter-self-def lection, 3 and it acquired a complex interference-dominated structure in the center. The complexity of the structure increased and a new pattern exhibiting the characteristics of a CDC emerged as the power was increased to more than 100 mW. In particular, a pronounced astroid-shaped caustic appeared at the output face of the cell when D 215 mm and P 156 mW, as shown in Fig. 2(a) . To develop an understanding of the nonlinear propagation dynamics of this phenomenon we varied the propagation distance (see Fig. 3 ) and recorded the prof iles at D 103, 122, 185 mm. Figures 2 and 3 were recorded in the steadystate regime, after ϳ60 s of illumination in the thermal nonlinear medium.
In linear optics a CDC is a generic feature created from an annular elliptical beam with major and minor axes y e and x e , respectively, and foci at f e 6͑ y e 2 2 x e 2 ͒ 1/2 . Such beams have been detected, for example, during the occultation of a star with the planet Mars. 7 In our experiment this orientation of the ellipse axes ͑ y e . x e ͒ is the same as that of the conjugate major and minor axes of the beam in the focal region, as shown in Fig. 3(a) ; hence, the development of the CDC may be traced back to this region. Indeed, at a distance D 103 mm [see Fig. 3(a) ] we observed a large beam (ϳ580 times the area of the focal spot in the linear case) with the energy concentrated on an annular ellipse. This enlargement is attributed to self-defocusing near the input face of the nonlinear medium. Surprisingly, the characteristics of the observed astroid and the annular ellipse in our nonlinear experiment agree qualitatively with the theoretical correspondence in linear optics, suggesting that propagation over the second half of the cell is dominated by linear diffraction.
Let us now seek a quantitative agreement. According to Huygens's principle, points along an annulus radiate, producing diffracted annular ovals as the beam propagates, as depicted in Fig. 3(b) . When the innermost ovals overlap, the beam develops cusp singularities. 8 With further propagation [see Fig. 3(c) ] the interfering wave fronts are bounded by an astroid, i.e., a curve that satisf ies ͑x͞x a ͒ 2/3 1 ͑ y͞y a ͒ 2/3 1, with cusps located at 6x a and 6y a . We can understand this evolute from a ray-optics point of view by drawing normals to the tangents of the annular ellipse, as shown in the inset of Fig. 3(c) . The astroid is a locus of points at which many rays coincide, forming an optical caustic containing cusps 8 at the vertices. Given that many rays cross within the astroid, one can expect signif icant diffraction and spatial complexity there when coherent light is used. At D 250 mm [see Fig. 2(a) ] the image of the astroid is complete (i.e., the annular diffraction ovals are absent). Theoretically an inverse relation exists between the aspect ratios of an annular ellipse and its evolute, the astroid: y e ͞x e x a ͞y a . Thus one can directly compare the annular ellipse in Fig. 3(a) and the astroid in Fig. 2(a) . The aspect ratio of the ellipse is found to be y e ͞x e 1.31. For comparison, we plotted the corresponding astroid (with the inverse aspect ratio) on Fig. 2(a) (the value of y a was fitted to coincide with the caustics). As anticipated, the plot agrees well with the outline of the diffraction envelope and corroborates the assumption that propagation past the focal region is dominated by linear (rather than nonlinear) diffraction. In contrast to what was observed for CDC's in linear optics, we observed not arrays of stable vortex pairs near the cusps 6 but rather only a single unstable vortex quadrupole, i.e., a set of four vortices with alternating topological charges, as shown in Fig. 2 . This quadrupole appeared when the astroid image was complete ͑P 156 mW͒ and vanished when the power was varied by ϳ5 mW. Optical vortices 9 can form in linear optics when three waves (from coherent noncollinear sources) with roughly the same intensity interfere. However, if the amplitude of one of the waves is signif icantly greater than the others, then total destructive interference is prohibited, and vortices will not appear. Indeed, an examination of the inset of Fig. 3(c) for an ideal annular ellipse verif ies that an arbitrary point within the astroid has exactly three rays passing through it. For the nonlinear case, however, the electric-field distribution in the focal region is not an ideal annular ellipse with a planar wave front [see Fig. 3(a)] ; therefore, additional rays may frustrate the formation of vortices. It is evident from Fig. 3 (c) that dark nodes resembling closely spaced vortices occur; however, interferometric measurements indicated that these nodes are not vortices [i.e., the interferograms do not resemble Fig. 2 (b) or 2(c)]. At lower power, however, we did observed one, two, and three sets of quadrupoles along the perimeter of the beam, owing to nonlinear lensing, 10 for P 26 mW, P 34 mW, and P 42 mW, respectively. Previously, only single quadrupoles were reported.
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In summary, the nonlinear optical cusp diffraction catastrophe is characterized by a two-step process. First, the beam energy is redistributed in the vicinity of the focal plane through nonlinear refraction. We found that the beam developed into an annular ellipse with a significantly enlarged beam area compared with that in the linear case. Second, the beam undergoes quasi-linear propagation beyond this region, resulting in the formation of an astroid under certain conditions. We examined the beam at the output face of the nonlinear cell as power was increased from zero and found that the system exhibited characteristics of an unstable system: first, a deterministic increase in the output intensity (with vortex quadrupoles appearing at the perimeter of the beam), followed by diffractive oscillations across the beam (owing to quasione-dimensional counter-self-def lection), and finally spatial complexity at high powers (with the appearance of the CDC). Thus, in a self-defocusing-type nonlinear system, spatial complexity can develop from a smooth unperturbed initial beam. This effect arises when the beam becomes elongated (e.g., owing to inhomogeneities in the material). Hence we suggest that this instability can be managed in applications involving high-power lasers by control of the aspect ratio of the beam to counter this elongation. G. A. Swartzlander's e-mail address is grovers@ wpi.edu.
